Abstract Throughout the Universe many powerful events are driven by strong gravitational effects that require general relativity to fully describe them. These include compact binary mergers, black hole accretion and stellar collapse, where velocities can approach the speed of light, and extreme gravitational fields -ΦNewt/c 2 ≃ 1-mediate the interactions. Many of these processes trigger emission across a broad range of the electromagnetic spectrum. Compact binaries further source strong gravitational wave emission that could directly be detected in the near future. This feat will open up a gravitational wave window into our Universe and revolutionize its understanding. Describing these phenomena requires general relativity, and -where dynamical effects strongly modify gravitational fields-the full Einstein equations coupled to matter sources. Numerical relativity is a field within general relativity concerned with studying such scenarios that cannot be accurately modeled via perturbative or analytical calculations. In this review, we examine results obtained within this discipline, with a focus on its impact in astrophysics.
Introduction
Strong gravitational interactions govern many of the most fascinating astrophysical phenomena and lie behind some of the most spectacular predictions of general relativity, such as black holes and neutron stars. These objects produce extreme gravitational fields and are believed to be responsible for the most energetic events in our Universe. Indeed, models for gamma-ray bursts, quasars, AGN, pulsars and a class of ultra-high-energy cosmic rays all have these still poorly understood compact objects as putative central engines. Observations across the electromagnetic spectra, soon to be combined with gravitational signals produced by merging binaries, should provide important insights into their nature. Of course, such understanding can only be gained by contrasting theoretical models that include all the relevant physics to the full front of observations.
It is important to distinguish two sub-classes of strongly gravitating systems. The first is where the self-gravitation of any matter/gas/plasma interacting with a compact object or binary is sufficiently weak such that the gravitational back reaction can be ignored or treated perturbatively. Such systems can be analyzed by studying the dynamics of matter on a given fixed background geometry. Examples include accreting black holes and tidal disruption of main sequence stars by supermassive black holes. Widely separated compact binary systems also belong to this sub-class, and suitable post-Newtonian (PN) expansions can be adopted to account for the slowly varying gravitational field and its effects.
By contrast, if the interaction is strong and can fundamentally affect the gravitational field of the system, a fully relativistic, self-gravitating study must be performed. To this end the Einstein equations, coupled to any relevant matter fields, must be employed. This task is complex due to the involved nature of Einstein's equations (a nonlinear, strongly coupled system of equations) in which analytical solutions are only known in highly specialized scenarios. Consequently, numerical simulations are required and the discipline that concentrates on the development and application of numerical solutions of Einstein's equations is known as numerical relativity (NR). This discipline has, over several decades, steadily progressed to the current epoch in which studies of relevance to astrophysics can now be performed that address questions both of fundamental theoretical interest and that make contact with observations 1 . Of particular interest, spurred by a hope of imminent gravitational wave observation, are systems capable of producing strong gravitational emission. Detectors include ground-based interferometers such as LIGO/VIRGO/KAGRA (2, 3, 216) targeting the ≃ 10Hz-1KHz frequency band, a pulsar timing network (see e.g. (112) ) sensitive to the 300pHz-100nHz window, 1 Numerical relativity is also being used to address problems in cosmological contexts. Applications that require NR, including bubble collisions (116, 229) , the issue of nonlinear structures and voids (236, 237, 239) , the evolution near the bounce in cyclic models (84, 235) and certain aspects of cosmic string dynamics (132) , are still at either a speculative level or being explored. In constrast, the paradigm applicable to most of present day observational cosmology can effectively be addressed with exact Friedman-Lamaitre-Robison-Walker solutions and perturbations about them, and do not require NR.
and possible future spaced-based missions (NGO/eLISA, see, e.g. (7)), sensitive between ≃ 10µHz-0.1Hz. Compact binary systems, involving black holes or neutron stars, are the most natural sources and have thus been the focus of most recent efforts (see e.g. (10) for a recent overview). In this article we review the key messages obtained by NR relevant to astrophysics. The discipline is till in the midst of rapid development over an increasing breadth of applications, promising even more exciting future discoveries of astrophysical import.
Brief Review of Techniques, Methods and Information Obtainable from Gravitational Waves
Understanding gravity in highly dynamical/strongly gravitating regimes requires solving Einstein's equations. This provides the metric tensor, g ab , which encodes gravitational effects in geometrical terms. The covariant character of the equations encode the equivalence principle, hence there is no preferred frame of reference to write the particular form of the metric for a given physical geometry. This further implies that the field equations determining g ab do not lend themselves to a well defined initial value problem unless the spacetime is foliated into a series of surfaces that provide a notion of "time." One can then cast Einstein's equations in a form that provides a recipe to evolve the intrinsic metric of each slice with time in what has been called "geometrodynamics." There are several options to carry out this program (see, e.g. the discussion by (137) ), though the most common one is to define these surfaces to be spacelike. This is also most closely related to Newtonian mechanics, and hence provides useful intuition in astrophysical scenarios; furthermore, with some additional assumptions about the coordinates, the familiar Newtonian potential can easily be extracted from the metric for weakly gravitating systems. Current efforts most commonly employ one of two particular reformulations of Einstein's equations: the generalized harmonic and the BSSN formulations 2 . These equations are hyperbolic with characteristics given by the speed of light (regardless of the state of the system, as opposed to the familiar case of hydrodynamics in which perturbations propagate with speeds tied to the state of the fluid). When coupling in matter sources the equations of relativistic hydrodynamics (or magnetohydrodynamics) on a dynamical, curved geometry must also be considered. The relevant equations can be expressed in a way fully consistent with standard approaches to integrate the Einstein equations (for a review on this topic see (80) ).
With the equations defined, they can be discretized for numerical integration. For the systems considered here, a crucial observation is that simulations must be carried out in full generality. This means that time and spatial variations are equally important, and a disparate range of scales need to be resolved (ranging from at least the size of each compact object, through the scale where gravitational waves are produced, and to the asymptotic region where they are measured). The associated computational cost is quite high, and typical simulations run on hundreds to thousands of processors for hours to weeks, even when efficient resolution of the relevant spatio-temporal scales can be achieved using (for example) adaptive mesh refinement. It is beyond the scope of this review to describe the techniques employed in detail, though we briefly mention them and point to some relevant literature for further details. (See also a few textbooks on the subject written in recent years (6, 23, 36) ).
• Spatial discretization. As far as the gravitational field itself is concerned, solutions are generally smooth (except at singularities) provided smooth initial data are defined because the equations of motions are linearly degenerate (i.e. do not induce shocks from smooth initial data). High-order finite difference approximations (e.g. (99)) or spectral decompositions (e.g. (38, 95) ) allow for a high degree of accuracy. When matter and the hydrodynamic equations are involved, finite volume methods and high-resolution shock capturing schemes can be used to determine the future evolution of the fluid variables (e.g (143)).
• Time integration. The method of lines can be straightforwardly implemented once spatial derivatives are computed.
• Constraint enforcement. For systems of interest, several constraints are typically involved. Those coming from Einstein equations themselves are a nonlinear coupled set of PDEs. In general scenarios, these constraints are difficult to enforce directly; instead, a strategy of "constraint damping" is adopted, whereby the equations of motion are modified in a suitable manner via the addition of constraints. The resulting system is thus not different from the initial one when the constraints are satified, otherwise the numerical evolution should damp these violations as time progresses. This desirable behavior can be rigorously shown to hold in perturbations off flat spacetime (40, 98) and also "experimentally" verified in simulations involving black holes and neutron stars (e.g. (9, 53, 189, 190) ). This technique -whereby the equations are suitably modified to control constraints-has also been extended to other relevant systems of equations. For instance, when considering magnetohydrodynamics or electrodynamics, to control the no-monopole constraint (164, 179) .
• Mesh structure, resolution and adaptivity. As mentioned, several different physical scales need to be resolved. For an efficient implementation, techniques like adaptive mesh refinement and multiple patches are in common use (e.g. (26, 67, 72, 139, 141, 205) ).
• Parallelization. The equations involved are of hyperbolic type and they lend themselves naturally to a relatively straightforward parallelization. Several computational infrastructures have been developed for numerical relativity purposes, e.g. BAM, Cactus (107) and the Einstein Toolkit (147), Had (108), Whisky, SACRA (15).
Brief Description of the Dynamics of a Binary System
Here we review salient properties of the early phase of binary evolution in general relativity to set the stage for subsequent discussion of the nonlinear regime uncovered by numerical simulations. For further details the interested reader can consult (111) .
An isolated compact binary evolves due to the emission of gravitational waves, and consequently a bound system will eventually merge. The end state of compact binary mergers (i.e. binary black holes, black hole-neutron star binaries, and all except the least massive binary neutron stars) will be a single Kerr black hole 3 . At large separations, in which the local velocity of each object in the binary is small (relative to the speed of light c), a PN expansion (e.g. (32) ), where objects are taken as point-particles without internal dynamics, suffices to accurately describe the system. As the orbit shrinks, the faithfulness of such an expansion decreases as velocities become O(c). If either compact object is a neutron star tidal effects may be important; these can be modeled within the PN framework, though again the accuracy of the expansion degrades approaching tidal disruption, which can occur near merger for stellar mass binaries. During this late stage of inspiral full numerical solution must be employed to obtain an accurate description of the dynamics of the geometry and matter. Once a single black hole forms, very shortly afterward (on the order of a few light-crossing times of the Schwarzschild radius) the spacetime can accurately be modeled by black hole perturbation theory, and to a good approximation the matter can be evolved on a stationary black hole background. In the standard jargon of the field the three different stages just described are often referred to as the PN inspiral, nonlinear and "ring-down" stages.
The nonlinear phase can further be subdivided into a late inspiral, plunge and early postmerger epoch. In the first subphase the binary is still in an orbit, though velocities are high, the orbital frequency quickly sweeps upwards, and neutron star tidal dynamics can become relevant (if the companion is a neutron star or black hole with mass 20M ⊙ ). The second refers to a rapid increase in the magnitude of the inward radial velocity leading to merger. The plunge is related to the phenomenon of an innermost stable circular orbit (ISCO) of a black hole, and is thus most apparent in a high-mass-ratio compact binary (see e.g. (45, 47) ). The last sub-phase begins when either a black hole or a hyper-massive neutron star forms, and lasts while either object is too "distorted" for a straightforward perturbative approach to be applicable. As mentioned above a black hole settles to a stationary state very rapidly, and hence from a computational perspective there is little to gain switching to a perturbative treatment to measure the ringdown waves. By contrast, in certain ranges of parameter space a hyper-massive neutron star can last for several seconds before collapsing to a black hole, which for the full coupled Einstein-matter equations would be too expensive to evolve at present (a rough estimate of the cost is O(1000) CPU hours per ms at "modest" resolution).
Properties of Gravitational Wave Emission
During the early inspiral stage in which velocities are much smaller than c, to leading order the emission of gravitational waves is proportional to the acceleration of the reduced (trace free) quadrupole moment tensor Q ij (t) of the system (this is textbook material, though for a couple of recent review articles see (44, 79) ):
In the above, h ij T T is the perturbation of the spatial components of the Minkowski metric η ij in the transverse traceless (TT) gauge, written in a Cartesian coordinate system (t, x) = (t, x i ). In this gauge there are no space-time or time-time perturbations of η µν , ie h tt T T = h tj T T = 0. The center of mass of the source is at the origin, and the above expression assumes the perturbation is measured at a distance r = | x| much greater than the characteristic size of the source, here ∼ r p , the periapse of the orbit 4 . The projection tensor ⊥ ij = δ ij −n inj , withn i = x i /r, i.e.,n i is the unit spatial vector from the source to the observer at location x i . The above expression is (to leading order) valid in an expanding Universe if the distance r is replaced by the luminosity distance D l , and time is dilated by a factor 1 + z, where z is the redshift between the source and the observer.
The projection in (1) encodes the property of general relativity that there are only two linearly independent propagating degrees of freedom, called the cross and plus polarizations. Thus the tensor h ij T T only has two independent non-zero components, which are called h + and h x . To illustrate, ignoring back-reaction, a binary on a circular Keplerian orbit with orbital frequency ω = 2GM/r 3 p produces a radiation pattern
with the so-called chirp mass M = η 3/5 M , the symmetric mass ratio η = m 1 m 2 /M 2 , θ is the angle between the observer's line of sight and the axis normal to the plane of the binary, and φ is the (arbitrary) initial azimuthal phase. The above expressions highlight several properties about gravitational emission from compact objects relevant for detection. First, gravitational wave detectors are directly sensitive to the amplitude of the metric perturbation, and not the energy it carries. The former decays as 1/r, whereas the latter decays as 1/r 2 (and being proportional to the square of the third time derivative of Q ij ), hence an n-fold improvement in the sensitivity of detectors results in an n 3 increase in the observable volume of the Universe. The "advanced" upgrades to the first generation of ground-based interferometric detectors (that will be completed near the end of the decade) are expected to achieve an order-of-magnitude increase in sensitivity over initial LIGO, increasing the range over which binary neutron stars could be observed to hundreds of Mpc, and binary black holes to over a Gpc (1) . Note however that these distances assume matched filtering is used to search for signals that would otherwise be buried in detector noise. For this to maximize both detection prospects and parameter extraction requires template waveforms that are phase-accurate to within a fraction of a cycle over the most sensitive band of the detectors (which for adLIGO ranges from ∼ 10Hz to ∼ 1Khz). Over the past two decades this has been the primary goal of the source modeling community; it is being achieved using high-order perturbative methods for the early inspiral, numerical solution for late inspiral and early merger, and perturbations off a single black hole afterward.
Second, the emission is clearly not isotropic. Only plus-polarized waves are radiated along the equator, and the amplitude is half of that radiated along the pole orthogonal to the orbit. Thus the distance to which a source can be observed strongly depends on its relative orientation to the detector. Importantly however, this radiation is not strongly beamed and so even non-ideal orientations of the source to the detector can yield detectable signals.
Third, though these expressions only hint at a couple, there are several degeneracies in the signal that could limit accurate extraction of all relevant parameters from a detection. Under radiation reaction the orbit shrinks, and a binary will sweep across a range of frequencies ω, terminating at merger where ω m ≈ c 3 /GM . If ω m is not in band (such as for instance with a binary neutron star merger), at leading order there is essentially complete degeneracy between the chirp mass and the distance to the source. If an electromagnetic counterpart could be observed and a redshift determined, the degeneracy would break. Higher-order effects, in particular if the black holes spin or the masses are unequal, excite higher gravitational wave multipoles that can further lift degeneracies. This demonstrates the need to understand the full details of the gravitational wave emission, and if matter is involved possible electromagnetic counterparts. And as is discussed more throughout this review, such multi-messenger observations could bring us a wealth of information beyond just measuring binary parameters.
Priors on Binary Parameters
Merger simulations are computationally expensive, taking of order 10 4 −10 5 CPU hours for a simulation of the last O(10) orbits of a quasi-circular inspiral of a binary black hole system. This may not sound too extreme, though remember this is just a single point in an eight-dimensional parameter space-mass ratio, six components of the two spin vectors, and eccentricity. The cost goes up with non-vacuum binaries for several reasons. First, in addition to gravity the relevant matter equations (relativistic hydrodynamics at least) need to be solved for. Second, the effective parameter space grows larger. This is in part to characterize unknown physics such as the equation of state (EOS) of matter at nuclear densities, and in part because of new initial conditions, for example a neutron star's magnetic field configuration. Third, computational fluid dynamics algorithms are typically lower order (to be able to deal with shocks and surfaces) than the high-order finite difference or pseudo-spectral methods used to sove the Einstein equations, hence higher resolution is required for similar accuracy to a comparable vacuum merger.
The preceding discussion highlights that compact object mergers simulations are too demanding to perform a naive, uniform sampling of parameter space to guide the construction of gravitational wave template banks. A promising approach to achieve a more optimal sampling uses the reduced basis method (78) , though regardless of the method one can ask what priors can be placed on the range of parameters from either theoretical or observational considerations?
A typical neutron star likely has a mass within the range of ≈ 1 to 2.5 M ⊙ , a radius (which for a given mass is determined by the EOS) in the range ≈ 8 to 15 km, and they are thought to have low spins (see e.g. (133)). For black holes, an obvious theoretical restriction on the spin magnitude is that |a| ≤ 1. Observations of candidate black holes, assuming general relativity is correct and black holes satisfy the bound, are beginning to provide estimates of spins ranging across all possible magnitudes |a| ∈ [0, 1] (154, 155). (Allowing for the possibility of naked singularities is not well posed within the framework of classical general relativity, and without any theoretical/observational guidance perhaps the best one can do with gravitational waves is to seek for inconsistencies from the predictions of general relativity using something akin to the parameterized post-Einsteinian (ppE) approach (238). 5 ) Theoretical models suggest the relative orientation of spins are not uniform, either due to properties of the progenitor binary for stellar mass systems, or interactions with surrounding matter or spin-orbit resonant effects during inspiral (35, 86) . Nevertheless, neither theory nor observation provides a sufficiently compelling case to dismiss the full range of spins allowed by general relativity. For stellar mass black holes, masses are expected to range from a few to possibly hundreds of solar masses, supermassive black holes lie at least within the range 10 6 − 10 10 M ⊙ , and evidence is mounting for intermediate mass black holes between this range (see e.g. (51, 60, 76, 88, 96, 119, 211) ). Consequently, these ranges are sufficiently broad that the mass ratio q is essentially unconstrained, in particular for the closer-to comparable mass binaries that would require full numerical solution.
One parameter that has been argued can be constrained, especially for stellar mass binaries, is the orbital eccentricity. The reason for this is that the backreaction of gravitational wave emission on the orbit tends to reduce eccentricity. To leading order under radiation reaction, the following is a decent approximation to the relationship between periapse and eccentricity (see (184, 185) for the derivation and full expression)
where r p0 , e 0 are the initial periapse and eccentricity, respectively. For the moderate initial eccentricities expected when the progenitor of the black hole binary is a stellar binary, e ∼ (r p /r p0 ) 19/12 . Such a binary enters the adLIGO band at r p ∼ 10 2 km, whereas expected values for r p0 are several orders of magnitude larger (see, e.g. (118)), hence e will be completely negligible here. This has focused the majority of work on mergers on the quasi-circular e = 0 case. However, there are other mechanisms to form binaries, and some could lead to systems that have high-eccentricity while emitting in the LIGO band. These mechanisms include dynamical capture from gravitational wave emission during a close two-body encounter in a dense cluster (136, 169) , a merger induced during a binary-single star interaction in a similar environment (200) , and Kozai-resonant enhancement of eccentricity in a hierarchical triple system (11, 13, 129, 210, 231) . Event rates are highly uncertain for both classes of binaries (see (1) for a review of quasi-circular inspiral systems, and (68, 124, 136, 169, 225) for discussions of dynamical capture systems), and though quasi-circular inspirals are likely dominant, eccentric mergers may not be completely irrelevant as often assumed in the gravitational wave community. The formation mechanism for supermassive black hole binaries is different (being driven by mergers of the host galaxies of individual black holes), though similarly there are arguments that in some cases non-negligible eccentricity might remain until merger (198) .
The difficulty with eccentricity is that it is not "merely" an additional parameter, but changes the qualitative properties of a merger in a manner that challenges both source modeling and data analysis strategies. With regard to modeling, the orbital period increases significantly with e for a given r p , making numerical simulations of multi-orbit mergers very expensive. Perturbative methods have not yet been developed to high order for large eccentricity orbits (though see (31) ). Taken together it may be unreasonable to expect templates accurate enough for data analysis using matched filtering any time soon, and different (though sub-optimal) strategies may need to be developed, for example power stacking (68, 220) . This implies that for practical purposes there are two "classes" of binaries, quasi-circular inspirals, and large eccentricity, small initial pericenter mergers.
Having discussed broad considerations relevant to the three classes of binariesblack hole-black hole, black hole-neutron star, neutron star-neutron star-we now discuss salient features of each class uncovered through numerical simulations.
Binary Black Holes
Due to the "no-hair" property of event horizons in four-dimensional Einstein gravity, isolated single black holes in our Universe are expected to be described almost exactly by the Kerr family of solutions. This is a two-parameter family, labeled by the total gravitational mass M and angular momentum J. 6 The latter is more conveniently described by a dimensionless spin parameter a = J/M 2 . As mentioned, an event horizon is only present if |a| ≤ 1, otherwise the solution exhibits a naked singularity. If such a situation could arise (violating the so-called cosmic censorship conjecture) classical general relativity would not be able to describe the exterior solution nor the dynamics of the object in our Universe. This would offer a prime opportunity to study quantum gravity, though unfortunately to date no theoretical studies of plausible astrophysical processes involving dynamical, strong-field gravity, including gravitational collapse and compact object mergers, have resulted in a naked singularity. 7 Thus, technical details aside, the study of vacuum binary black hole mergers in general relativity is a well-defined problem characterized by a relatively small set of parameters : the mass ratio q of the binary, the two initial spin vectors s 1 , s 2 of each black hole, the initial eccentricity e 0 and the size of the orbit (parameterized for example by the initial pericenter distance r p0 ). There is no intrinsic scale in vacuum Einstein gravity, hence there is a trivial map from any solution with a given set of these parameters to a desired total mass M of the binary. In the remainder of this section we present results from the numerical solution of the Einstein field equations for vacuum mergers, discuss some astrophysical consequences, and briefly comment on issues related to testing general relativity from gravitational wave observations of vacuum mergers. For other review articles discussing similar topics see (52, 101, 191) . 6 An isolated black hole can also have a conserved charge, though in astrophysical settings black holes should be neutral to excellent approximation. "Exotic" matter fields could also support additional "hair", though we do not consider such fields here.
7 Though see (113) for an intriguing suggestion that near extremal black holes could be "over spun", and (213), who suggest that collapse of matter with negligible self-pressure and in a highly prolate configuration could lead to naked singularities. It is also well known that naked singularities can arise in spherical collapse of ideal fluids (see e.g. (117) ), or critical collapse in a larger class of matter models (see e.g. (97)). However, these examples are either non-generic (whether by imposed symmetries or fine tuning of initial data) or arise in matter that is of arguable relevance to collapse in astrophysical settings (230).
Results and Applications of Merger Simulations
A couple of important qualitative questions about the merger process have largely been answered. The first relates to cosmic censorship : a broad swath of parameter space has been explored (see for example (105)), and no naked singularities have been found. Furthermore, to the level of scrutiny the solutions have been subjected, the late time behavior is consistent with a spacetime approaching a Kerr solution via quasi-normal mode decay 8 . The second relates to the existence of new "phases" of the merger outside the purview of the perturbative treatments governing the inspiral and ringdown. One line of reasoning argues that owing to the nonlinearity of the field equations, and the fact that the late stages of a merger occur in the most dynamical, strong-field regime of the theory, these new phases would be natural places to expect novel physics. The opposing argument, which turned out to better describe the simulation results, is that the merger is effectively a highly dissipative process that occurs deep within the gravitational potential well of the combined objects, and very little of the spacetime dynamics that occurs there will leave an imprint on the waves radiated outwards. Or stated another way, perturbative methods have been extended to quite high order in v/c in both the conservative and dissipative dynamics of a binary, and black hole perturbation theory begins with an exact strong-field solution; these together capture the "essential" nonlinearities of the problem. As a consequence of this rather smooth behavior a convenient approach to constructing templates is the Effective One Body (EOB) method (46), where re-summed PN inspiral waveforms are smoothly attached to quasi-normal ringdown modes via a transition function calibrated by numerical simulations (for some recent papers see (5, 58, 180) ). Most of the work in this regard has been conducted on non-precessing orbits (i.e. any net spin angular momentum is aligned with the orbital angular momentum) or lower-spin black holes, and it remains to be seen how well this technique may work for highly spinning black holes in precessing orbits. See Figure 1 for two examples of gravitational wave emission from merger simulations, and for one of them a match to EOB calculations.
The science gleaned from numerical simulations of vacuum binary mergers has therefore mostly been in details of the process. Important numbers of relevance to astrophysics include the total energy and angular momentum radiated during merger (and consequently the final mass and spin of the remnant black hole), and the recoil, or "kick" velocity of the final black hole to balance net linear momentum radiated. We can not possibly list these numbers for all cases simulated to date (but we do give some citations to relevant literature for further information). Though to give a sense of the physics and order of magnitude of the numbers we highlight a few key results and present some of the simpler fitting formulas.
Energy radiated.
One can think of the energy radiated during a merger coming from two sources : the gravitational binding energy liberated during inspiral, and energy in the geometry of the merger remnant formed during the collision that is emitted as the horizon settles down to its stationary Kerr state (on timescales comparable with the final orbital period). In the extreme-mass-ratio limit the former dominates, and the total radiated energy equals the magnitude of the binding energy at the ISCO; for a quasi-circular inspiral this ranges from ∼ 3.8 − 42% of the rest mass of the small black hole depending on the spin of the large black hole; the lower (upper) limit is a retrograde (prograde) equatorial orbit about an extremal Kerr black hole (the Schwarzschild case gives 5.7%). As the mass ratio decreases (i.e. the masses become comparable) the emitted energy increases, and the amount coming from the ringdown grows to a comparable fraction approaching the equal mass limit. Here numerical simulations are required to compute the exact numbers, and it is more useful to quote the value as a percentage of the total gravitational (ADM) energy M (the gravitational mass of the system as measured by an asymptotic observer). A useful formula interpolating between the analytic extreme-mass-ratio limit (top line below) and empirical fits to numerical data (bottom line) was derived by (21) (see (148, 224) for a couple of alternative formulae):
Hereã = L·( S 1 + S 2 )/M 2 is the projection of the sum of the black hole spin vectors onto the orbital angular momentum prior to merger, p 0 ≈ 0.048, p 1 ≈ 0.017, and E ISCO (ã) is the energy of the effective ISCO of the system. This formula fits existing numerical simulation results to within better than a percent in most cases (see (21) for comparisons and more details).
Final spin.
There are numerous formulas characterizing the final spin of the merger remnant that have been constructed via fits to numerical relativity results (for e.g. (22, 224) ; see also (148) for PN-inspired functions, and (39) for a prescription based on a so-called "spin expansion" that uses symmetry arguments to economize the formulas). Here we give a simple 'first-principles' derived expression from (48) that captures the basic physics, and agrees reasonably well with numerical results. The following formula is valid for spins aligned with the orbital angular momentum (see (121) , and others cited above for generalizations to precessing binaries):
Here a f M is the spin angular momentum of the remnant (with M approximated by m 1 + m 2 ), m 1 a 1 and m 2 a 2 are the spin angular momenta of the initial black holes, and L orb (r ISCO , a f ) is the orbital angular momentum of a reduced-mass particle equivalent of the system evaluated at the ISCO of a Kerr black hole using the parameters of the remnant. The interpretation of this is straight-forward : the system radiates angular momentum until the plunge to merger, after which the majority of the remaining spin plus orbital angular momentum is subsumed by the final black hole. Some angular momentum is radiated during ringdown, but this is taken into account in the above formula through the use of the effective ISCO of the remnant black hole. For interest, a quasi-normal mode with frequency ω m and azimuthal multiple number m has the following relationship between the energy and angular momentum it carries : J rad ≈ (m/ω m )E rad . m = 2 is the dominant mode, and for example a Schwarzschild black hole has ω 2 ≈ 0.38/M (27). Though it is not possible to clearly differentiate the quasi-normal part of the wave from the emission that precedes it, a rough estimate is of order 1−2% of the net energy is emitted in the ringdown for comparable mass mergers. The formula (6) predicts the final spin to within a few percent in many cases. For example, it gives a f /M ≈ 0.663 for the merger of equal-mass, non-spinning black holes; comparing to numerical relativity simulations, an initial estimate was a f /M ≈ 0.70 (189) , with the latest high-accuracy simulations refining it to a f /M ≈ 0.6865 (203) . 4.1.3 Recoil. A recoil in the remnant, namely a velocity post-merger relative to the initial binary center of mass, can arise when there is asymmetric beaming of radiation during the merger. Asymmetry comes from unequal masses and black hole spins. The formulas describing the recoil can be rather involved (see for example (150)), so here we just briefly mention some of the salient features and numbers. Non-spinning binaries with mass ratio q different from unity give rise to a recoil in the plane of the binary, reaching a maximum of ∼ 175km/s (16, 29, 93, 104) for q ≈ 1/5. Spin introduces additional asymmetry in the radiation by causing the orbital plane to precess and "bob", which can induce a recoil both in and orthogonal to the plane of the binary. The magnitude of the out-of-plane recoil is sinusoidally modulated by the effectively random initial phase of the binary. Spin can also allow the onset of a plunge to occur at higher frequency, and hence give higher gravitational wave luminosity, which further amplifies the recoil. The bobbing motion (see (191) for an intuitive description of it) is associated with the largest recoils, which remarkably can reach several thousand km/s for appropriately aligned high-magnitude spins (50, 94, 149) ; see Figure 2 (left panel) for examples.
These largest velocities are well in excess of the escape velocities of even the most massive galaxies. That observational evidence suggests most galaxies harbour central supermassive black holes, together with hierarchical structure formation models of the growth of these galaxies, implies that mergers with very large recoils are rare. If mergers themselves are common, and black holes can have sizable spins as implied by current observations (196) , then the typical recoil must be significantly less than the maximum theoretically possible. One possible explanation for this would be if most mergers take place in gas-rich environments, as then torques induced by circumbinary material will tend to align the spins of the black holes with the overall orbital angular momentum, a configuration that has significantly lower maximum recoil (see e.g. (35, 65) ). Another, that operates even in vacuum, comes from PN calculations that include spin-orbit coupling, which shows a tendency for the black hole spins to align (anti-align) with each other if the spin of the more massive black hole is initially at least partially aligned (anti-aligned) with the orbital angular momentum (122). 4.1.4 Tests of General Relativity. A further opportunity offered by gravitational wave observations of merging binaries is to test dynamical, strongfield gravity. With obvious caveats associated with our present lack of understanding of dark matter and dark energy, general relativity has so far been shown to provide a consistent description of gravity in all observations and experiments that are constrained by its predictions (see e.g. (233)). Lacking here are tests in the most nonlinear regime of the theory, in particular where black holes can form. Certainly there is no doubt about the existence of massive, dark, ultra compact objects, and observations of (for example) X-ray emission from stellar mass candidates or properties of AGN are consistent with these phenomena being powered by Kerr black holes. However, that horizon scales cannot be quite resolved at present 9 together with complexities of the matter physics responsible for the emission prevents precise determination of local properties of the spacetime. Binary black hole mergers, in particular stellar mass systems that are expected to occur largely in vacuum, offer a unique opportunity to study pure, strongfield gravity. General relativity's ability to predict the entire waveform, which is uniquely determined by a small set of numbers (M, q, e, s 1 , s 2 and detector-source orientation parameters) and can consist of hundreds or even thousands of cycles in the LIGO band, can in principle allow for stringent self-consistency tests on high signal-to-noise-ratio (SNR) events.
However there are several issues that complicate this promise to test general relativity in the near future. First, given the lack of events from the initial LIGO observing runs, it is unlikely that adLIGO will observe a very loud event. Hence viable tests may require statistical analysis of a number of low-SNR events, and little work has yet been done to suggest how this might be carried out (see (4) for a recent proposal; related work on constraining the nuclear EOS using multiple mergers events involving neutron stars is also beginning to be investigated-see the discussion in Sec. 5). Second, detection and parameter estimation relies on matched filtering with templates. If the only templates used are those constructed using general relativity, then all information about possible deviations will be projected out 10 . If the event has a high SNR, there should be a detectable residual excess power, but again for the typical SNRs expected for adLIGO this is unlikely 11 . Compounding the problem, despite the large number of proposed alternatives or modifications to general relativity (see for example (232, 233)), almost none have yet been presented that (i) are consistent with general relativity in the regimes where it is well tested, (ii) predict observable deviations in the dynamical strong-field relevant to vacuum mergers, and (iii) possess a classically well-posed initial value problem to be amenable to numerical solution in the strong-field. The notable exceptions are a subset of scalar tensor theories, though these require a time-varying cosmological scalar field for binary black hole systems (109), or one or more neutron stars in the merger (see Sec. 5). Thus there is little guidance on what reasonable strong-field deviations one might expect. Proposed solutions to (at least partially) circumvent these problems include the ppE and related frameworks (4, 238) , modified PN waveforms (14) , as well as exploiting properties of the uniqueness of Kerr and its quasi-normal mode structure (28, 55). 4.1.5 Eccentric binaries. As mentioned above, the majority of the work on binary black hole mergers from the relativity community has focused on quasicircular inspiral, except for a handful of recent studies (89, 103, 192) . One of the interesting results is that so called "zoom-whirl" orbital dynamics is possible for comparable-mass binaries. In the test particle limit, zoom-whirl orbits are 9 This may change within a few years through VLBA observations of our galaxy's central black hole, SGA* (41, 43) as well as nearby M87 (64) . 10 Note also that it is unlikely that general relativity templates will completely "miss" all events even if there are strong-field deviations. This is because binary pulsar observations confirm the leading order radiative dynamics of general relativity.
11 This is not the case for possible space-based detectors, like eLISA, as their exquisite SNR could allow for detecting supermassive binary black holes mergers with masses in the range 10 4 M⊙ < M < 10 7 M⊙ out to redshifts of z ≃ 20 with a SNR ≥ 10. For a recent review see (208) .
perturbations of the class of unstable circular geodesics that exist within the ISCO. They exhibit extreme sensitivity to initial conditions, in which sufficiently fine-tuned data can give an arbitrary number of near-circular "whirls" at periapse for a fixed eccentricity. Away from the test particle limit gravitational wave emission adds dissipation to the system; however, what the simulations show is that even in the comparable mass limit the dissipation is not strong enough to eradicate zoom-whirl dynamics, but merely limits how long it can persist. Perhaps the most interesting consequences of high-eccentricity mergers could arise when neutron stars are involved; this is discussed in Sec. 5.
For the vacuum problem, aside from providing information on binary formation channels, high-eccentricity events could in principle offer the most stringent tests of strong-field gravity. The reason is due to the nature of these orbits compared with quasi-circular inspiral: significantly higher velocities are reached at periapses passage, a larger fraction of the total power is radiated in this high v/c regime, and the long time between periapse bursts imply that small deviations in emission could result in large dephasing of the waveform from one burst to the next. However, to date no studies have addressed in any quantitative manner how well general relativity can be constrained using eccentric mergers.
Further Physics
With the vacuum merger problem essentially under control, the field is now more closely examining the impact a merging black hole binary can have on its astrophysical environment. The most pertinent scenario is a supermassive binary merger, and questions relate to how the rapidly changing gravitational field, ensuing gravitational waves, and possible recoil could perturb surrounding gas, plasma, electromagnetic fields, stars, etc. Here we briefly discuss some of the more interesting and potentially observable phenomena revealed by recent studies.
• Prompt counterparts to supermassive black hole binaries mergers within circumbinary disks. First studies of the interaction of binary black holes with surrounding electromagnetic fields and plasma were presented by (176, 177) . Though not modeled there, the expected source of these fields and plasma would be a circumbinary disk. More recent work has begun to self-consistently model the disk as well (77, 91) . Recall that in the case of a single black hole, the BlandfordZnajek (BZ) mechanism (33) indicates the plasma (coming from an accretion disk) is able to tap rotational energy from the black hole and power an energetic Poynting flux. Tantalizing observational evidence linking the strength of radio signals and black hole spin has been presented by (155) . In the context of binary black holes, simulations demonstrated that the spacetime helps stir electromagnetic field lines and that, akin to the BZ mechanism, the plasma is able to tap translational and rotational energy from the system to produce dual jets (176, 177) . These jets would act as spacetime tracers, and their behavior can be modeled reasonably well by an extension of the BZ formula. That is, prior to merger, the luminosity from the system obeys
where Ω H (i), v(i) and κ are the angular rotational velocities of the horizons, the black hole velocities and a relative strength parameter respectively 12 . (The value of κ ≃ 100, and indicates that black holes must be moving at 0.1c for a nontrivial contribution unless, of course, they are non-spinning). Notice that unlike the orignal BZ effect, even if the black holes are non-spinning there could be a sizable luminosity due to the contribution from the translational kinetic energies of the black holes (which can reach ≈ 0.2 − 0.3c near merger for quasi-circular inspiral). After merger, a single jet arises with luminosity L ≃ B 2 (Ω H f inal +κv 2 recoil ) (though the second term is subleading unless the final black hole has negligible spin, as v recoil is at most ≈ 0.015c). This behavior implies interesting possibilities for detection of gravitational and electromagnetic waves associated with a merger embedded in a circumbinary disk (see e.g. (161, 170) ).
• Post-merger consequences of binary supermassive black hole mergers. The merger event can have several interesting consequences due to the large amounts of energy radiated and (for appropriate spins and mass ratios) the recoil of the final black hole; we briefly mention a few here-for recent reviews of this and other astrophysical consequences see (125, 206) . With respect to timescales in the disk these effects occur essentially instantaneously. This near-impulsive perturbation of the gravitational potential in the outer parts of the accretion disk could lead to the formation of strong shocks; this, together with subsequent inward migration of the disk, could producing observable electromagnetic emission on timescales of a month to a year afterward (144, 160) . The most favored orientations for recoils can produce velocities large enough to significantly displace the remnant from the galactic core, or even eject the black hole from the host galaxy altogether (though as discussed above this is likely quite rare). If the system has a circumbinary accretion disk, the recoil would carry the inner part of the disk with it, and this could be observable in Doppler-displaced emission lines relative to the galactic rest frame (126) . Earlier studies have suggested that prior to merger the accretion rate, and hence the luminosity of the nucleus, would be low as the relatively slow migration of the inner edge of the accretion disk decouples from the rapidly shrinking orbit of the binary. Post merger then, AGN-like emission could be reignited once the inner edge of the disk reaches the new ISCO of the remnant black hole. This should be displaced from the galactic center if a large recoil occurred, and could be observable in nearby galaxies (see for example (146) ). However, more recent simulations of circumbinary disks using ideal magnetohydrodynamics for the matter shows that complete decoupling does not occur, and relatively high accretion rates can be maintained all the way to merger (34, 77, 166) and afterwards (e.g (212)). The binary orbit in this case causes a modulation in the luminosity of the system, which may be observable. A last effect we mention is that a displaced central black hole should also have its loss-cone refilled, increasing the frequency of close encounters with stars and their subsequent tidal disruption by the black hole, with rates as high as 0.1/yr; the disruption could produce observable electromagnetic emission (219) .
• Binary black hole mergers and galaxy formation. Ggalaxy formation models have also been exploited to understanding of the outcome of binary black hole mergers. There is strong stellar, gas-dynamical (127, 128, 153) and electromagnetic (85, 186) evidence for the existence of massive black holes at the centers of galaxies. These central black holes play a fundamental role in our current paradigm of galaxy formation and evolution; for example, they are required to explain quasar and AGN emission (215) , as well as cosmic downsizing (37, 56, 202) . In the ΛCDM model galaxies merge into increasingly larger ones as cosmic time proceeds, and consequently their massive black holes are expected to merge, ini-tially via processes such as dynamical friction, with gravitational wave emission only taking over in the very late stages. Results from NR simulations have been utilized to follow the evolution of these black holes through coalescence. More specifically, a number of works studied the mass and spin evolution of supermassive black holes through cosmic time (30, 75, 227, 228) , in some cases also accounting for the recoil velocity of the merger remnant (18, 151) . It has also been suggested that if a space-based detector such as eLISA becomes available, measurements of the mass ratios of black holes binaries and the precession effects predicted by PN/NR calculations would help to discriminate between competing models of galaxy formation (18, 209) .
Non-vacuum Binaries
As in the binary black hole case, non-vacuum binaries present a well defined problem, however they need a larger set of parameters to characterize. First, the matter physics introduces a scale, so that unlike the vacuum case the total mass of the system cannot be factored out. Thus the set of parameters needed to described the orbit are now the masses m 1 and m 2 of the compact objects, their two initial spin vectors s 1 , s 2 (which however is expected to be small for neutron stars), and the initial eccentricity e 0 and size of the orbit (again which we parameterized by the initial pericenter distance r p0 ). Second, for neutron star matter one must specify the EOS (which for a given mass star determines its radius), and each star's magnetization (strength and dipole direction).
The presence of (magnetized) matter in the system, that is strongly affected by the rapidly varying geometry during coalescence, can naturally induce electromagnetic and neutrino emission in concert with the gravitational waves. A prime example is short Gamma Ray Bursts (sGRBs), and the evidence is mounting that non-vacuum binary mergers provide the central engine for these spectacular astrophysical phenomena (e.g (24, 25, 114, 135, 158, 188, 221) ). Thus, in addition to obtaining predictions for the gravitational wave signatures from these events (see Figure 4 for some examples), research using simulations is also focused on gaining a theoretical understanding of their connections to sGRBs, and related phenomena.
Widely separated non-vacuum binaries display the same behavior as binary black holes. Here internal details play a negligible role, as their effects first appear in a Post-Newtonian expansion at order (v/c) 10 . Closer to merger tidal forces introduce subtle deviations at first, growing to quite large deformations at the point of contact in a binary neutron star system, and for a black hole neutron star system can even lead to the disruption of the star prior to merger. For binary neutron stars, if the total mass in the remnant is more than the maximum mass allowed by the EOS, a black hole will eventually form. The intermediate state is called a hypermassive neutron star (HMNS), and is temporarily supported by rotation and thermal pressure. An interesting question then, as illustrated in Figure 4 , is how long the HMNS lasts. Once a black hole forms, and following a black hole-neutron star merger, an accretion disk can form. If there is sufficient mass in the disk, this could be the beginning of a jet that would eventually produce a sGRB. A host of other electromagnetic emission is likely as a consequence of these non-vacuum mergers, as is neutrino emission. In the following sections we discuss these in more detail, highlighting the information gained from numerical relativity simulations. For other review articles in this subject area see (66, 74, 187) .
Binary Neutron Star Mergers
Fully general relativistic studies of binary neutron stars have been an active area of research for over a decade. (For a small sample of recent results in this area see for e.g. (8, 110, 120, 123, 178, 194, 197, 207, 218) ). The initial focus of the research was directed toward understanding broad characteristics of the gravitational wave emission, and consequently rather simple treatments of the matter were employed (typically an ideal fluid with polytropic equation of state). These efforts gave a rather robust understanding of the qualitative dynamics of the system, and prepared a solid foundation to increase the realism of the matter modeling in the simulations. In recent years the addition of new physical ingredients have included more realistic equations of state, magnetic fields and plasmas, and some simplistic treatments of neutrino and radiation physics. In this section we review the more interesting developments relevant to astrophysics.
As in the case of binary black holes, several important qualitative questions about the merger process have been elucidated. The first relates to behavior postmerger and, for a sufficiently massive remnant, the onset of collapse to a black hole. A large swath of parameters centered about the observationally favored initial neutron star masses of ≈ 1.4M ⊙ , and consistent with the highest-mass neutron stars observed to date (≈ 2.M ⊙ see, (12, 62) and related discussion by (133) ), show an HMNS forms. From a fundamental gravity point of view, an interesting observation is that this intermediate state can have a highly dense central region, and an effective angular momentum higher than the Kerr bound. Yet, obeying the cosmic censorship conjecture, the object does not evolve to a nakedly singular solution, but is able to efficiently transport angular momentum outward to eventually allow a black hole to form. The black hole settles down to an approximate Kerr solution surrounded by some amount of material in a disk. A crucially important question then is what the timescale for collapse is. This timescale depends sensitively on the initial conditions and several physical properties: the individual neutron star masses and eccentricity of the binary (which influences the initial distribution of mass among the HMNS, bound and ejected material), the EOS, neutrino and photon cooling, and thermal pressure, as well as diverse mechanisms for angular momentum transport. The reason this is such an important question is that the timescale is in principle observable, either directly via the gravitational wave emission (as illustrated in Figure 4 , though note that the frequency of the post-merger waves are sufficiently high that the adLIGO detectors will not be sensitive to them except for a highly unlikely nearby event), or indirectly through details of the counterpart electromagnetic/neutrino emission.
Beyond these broad qualitative issues, theoretical studies have been aimed to analyze in detail the coalescence process and characteristics of the gravitational wave emission. As mentioned, early stages of the dynamics are well captured by PN treatments. Approaching merger tidal effects do start to influence the evolution of the orbit, which would be reflected in the gravitational wave emission and could be detected via delicate data analysis (59, 106) . Another interesting pre-merger consequence of tidal forces during a quasi-circular inspiral is they can induce resonant oscillations in the interface modes (i-modes) between the neutron star crust and core that grow large enough to shatter the star's crust, leading to a potentially observable pre-cursor electromagnetic outburst (226) . For highly eccentric close encounters, the tidal force is impulsive in nature. This can similarly shatter the crust (225) , and will excite f-mode oscillations in the star (90, 217) . The f-modes do emit gravitational waves, though at frequencies that are too high and amplitudes too weak for likely direct detection with adLIGO.
For low eccentricity encounters the stars merge at an orbital frequency that can be estimated by the point at which the stars come into contact, i.e. Ω c ≃ [(m 1 + m 2 )(R 1 + R 2 ) 3 ] 1/2 . At this stage, the stars are traveling at a considerable fraction (≃ 10 − 20%) of the speed of light, resulting in a violent collision. In the contact region, shock heating is responsible for a considerable amount of mass thrown outwards (some of which becomes unbound) in a rather spheroidal shape. Also, strong shearing in this region induces Kelvin-Helmholtz instabilities and strong differential rotation develops in the newly formed HMNS. The temperature of the HMNS can reach values of ≃ 30 − 50Mev and, magnetic fields can grow by several orders of magnitude (via winding, tapping kinetic energy and possibly the magneto-rotational instability (MRI), though for this latter process resolutions currently used are still far from that required to adequately resolve it). Tidal tails form during the earlier stages of the merger and distribute material in the vicinity of the equatorial plane. As mentioned, because the total mass of the binary likely exceeds the maximum mass that a stable, non-rotating and cold star might achieve, the subsequent behavior of the HMNS divides into two possible cases: prompt or delayed collapse.
In the prompt collapse case, thermal support and differential rotation are unable to overcome the gravitational attraction and a black hole forms essentially in a free fall time scale. This takes place in binaries with relatively large total mass M tot 2.6 − 2.8M ⊙ , though the exact value depends intimately on the EOS.
If the collapse does not occur promptly, the post-merger dynamics differs depending on whether the merger involved equal masses or not. In the former case, the newly formed object resembles a dumbbell composed of two cores (the remnants of the individual stars) which gradually turns into an ellipsoidal object as a result of angular momentum transport -primarily via hydrodynamics effectsand angular momentum loss via gravitational waves. For example, Figure 5 illustrates the equatorial density of the remnant following an equal mass binary merger, and another that had m 1 /m 2 = 0.7. The gravitational waves from a post-merger system has a characteristic frequency in the range 2 f 4Khz, which is proportional (and relatively close) to the Keplerian angular velocity (M HM N S /R 3 HM N S ) 1/2 (where M HM N S , R HM N S are the mass and radii of the HMNS, respectively). If the stars have different masses, the stronger tidal forces induced by the more massive star deforms the companion, stripping the outer layers and forming an envelope about the newly formed HMNS. This HMNS now displays two asymmetric cores and behaves as if the more massive core has a satellite that deforms dynamically as time progresses. Regardless of the massratio, a significant amount of material is estimated to lie beyond the ISCO of the black hole that will eventually form, resulting in an accretion disk with mass on the order of 0.01 − 0.3M ⊙ . Typically the more massive disks correlate with longer times to black hole formation, a behavior intuitively expected as there is more time for angular momentum to be transferred outwards to the envelope.
Simulations have also shed light on the processes, and timescales, for such an-gular momentum transfer. The most important one is hydrodynamical, which begins to operate efficiently after the merger due to the strong torques induced by asymmetries in the HMNS. Other significant mechanisms for this transfer are tied to electromagnetic effects: winding and the MRI can do so by linking the central to outer regions of the HMNS and introducing an effective viscosity in the system. The angular momentum transport timescale due to winding is of the order of τ wind ≃ R HM N S /v A , with the Alfven velocity v A ≃ B/ √ ρ. A few general relativistic simulations have pointed out that the strength of B can increase 13 from typical premerger values of 10 10−12 G, to 10 15−16 G via compression, winding and transfer of hydrodynamical kinetic energy to electromagnetic energy via Kelvin-Helmholtz instabilities (8, 87) , which imply timescales τ wind ≃ 10−100ms. We stress however, that present computational resources are still not adequate to give a thorough analysis of this process. For transport driven by the MRI, simulations are even more challenging, so this is still a largely unexplored process within general relativistic simulations of binary neutron star mergers. Nevertheless, estimates indicate τ M RI ∼ 100ms for putative magnetic field strengths of B ≃ 10 15 G. Therefore, either transport mechanism can operate on timescales 10 − 100ms and aid in expediting the collapse. Cooling via neutrino and radiation transport reduces thermal-pressure support, so it also helps to shorten the time to collapse. However, the timescale for cooling to operate in a significant manner is on the order of seconds. Currently, simulations incorporating both electrodynamics and cooling are actively being pursued and refined.
Beyond the intricate details of the merger and post-merger behavior, there is strong interest in exploring binary neutron star mergers as progenitors of sGRBs and other electromagnetically observable signals. There is already tantalizing observational evidence for the connection between non-vacuum compact binaries mergers and sGRBs (see (24) for a recent review), strengthened by compelling theoretical models that suggest a merger yielding a rapidly accreting black hole could serve as the central energy source through hydrodynamical/plasma or neutrino processes (73, 163) . Other models for the origin of at least a class of sGRBs include magnetars produced by binary neutron star mergers, binary white dwarf mergers, or accretion-induced collapse of a white dwarf (142, 159) , and the collapse of an accreting neutron star to a black hole (152) . Simulations of these systems are providing valuable information to test these models. For instance, once collapse occurs, an initial hyper-accreting stage is observed, followed by a longer fall back accretion phase with the characteristic t −5/3 power-law dependence expected from analytic calculations (195) . Beyond the burst itself, electromagnetic emission arising from the interaction of ejected material with the ambient medium, or through radioactive decay of r-process elements formed in this material shortly after merger, have been proposed (e.g. (158, 188) ). A candidate for this latter "kilonova" event has recently been observed (25, 221) . The time scale for this class of emission can be as long as days or weeks following merger, hence it is not amenable to ab initio simulations. However, results from simulations are consistent with properties assumed in these models to give observable signals; in particular, ejected material of order 10 −4 M eject /M ⊙ 10 −2 traveling with velocities ≃ 0.1 − 0.3c has been seen in non-eccentric scenarios (with somewhat larger amounts/higher velocities possible in eccentric mergers).
Finally, a magnetar with magnetic field strength likely in excess of 10 15 G indeed forms during the merger of magnetized neutron stars, though its lifetime is typically 100ms except for the stiffest of EOS and low-mass binaries (8, 87).
Further Physics
We conclude this section with a few miscellaneous topics related to binary neutron star mergers.
• Magnetosphere interactions. Neutron stars have among the strongest magnetic fields in the Universe. As in the case of pulsars, they are surrounded by a magnetosphere that arises naturally as argued by (92) . It is thus natural to expect that a binary interaction can trigger behavior related to that observed in pulsars (145) , though in this case with a tight connection to the orbital dynamics. This has recently been studied by (175, 178) , showing that close to the merger event a strong Poynting flux is emitted (L ≃ 10 40−43 B 2 11 erg/s); see Figure 6 (left panel) for an illustration. As anticipated, many features common to those of pulsars are seen: the existence of gaps in the estimated charge density, shear layers, the development of a current sheet and a striped structure in the toroidal magnetic field. In the binary case however these features bear tight imprints of the binary's behavior. For instance, as the orbit tightens a ramp-up in Poynting luminosity ensues, and the current sheet structure displays a spiral pattern tied to the orbital evolution of the system. This could provide an important electromagnetic counterpart to the gravitational waves. In addition, the HMNS -which is likely highly magnetized as a result of the collision-can also trigger a strong Poynting flux as it collapses to a black hole (138) . The luminosity can be as large as L ≃ 10 49 (B/10 15 G) 2 erg/s, but shuts off abruptly as the black hole forms.
• Neutrino emissions. Incipient works are beginning to incorporate estimates of neutrino effects in the system. Since, as mentioned, the typical lifetime of the HMNS would likely be limited to 100ms, whereas the timescale for neutrino cooling is in the order of seconds, as a first approximation a full (costly) radiation-transport scheme need not be employed. Instead, a simplified strategy known as a "leakage scheme" (199) has become the starting point. The leakage scheme ignores transport from the diffusion of neutrinos as well as neutrino momentum transfer. What it does model is the possible equilibration of neutrinos, adopts an opaque, hot stellar matter model to describe local neutrino sources and sinks, and accounts for charged-current β processes, electron-positron pair-annihilation and plasmon decays. At low optical depth the scheme uses reaction-rate calculations to estimate the local production and emission of neutrinos. In contrast, at high optical depths it assumes neutrinos are at their equilibrium abundances, and that neutrino/energy losses occur at the diffusion timescale. In between, a suitable interpolation is adopted. Early efforts employing this scheme indicate a binary neutron star merger can produce strong neutrino luminosity of order ≃ L ν ≃ 10 54 erg/s (207) . Figure 6 (right panel) illustrates the anti-electron neutrino luminosity shortly after an equal-mass (m 1 = m 2 = 1.5M ⊙ ) merger.
• Eccentric binaries. Binaries that emit observable gravitational waves while the orbit has high-eccentricity show significant qualitative and quantitative differences in properties of the merger compared with equivalent-mass quasi-circular inspirals. Because there is more angular momentum in the binary when the two stars collide, typically more mass is stripped off, some fraction of which is ejected and the rest forms an accretion disk (69, 90) . This has consequences for the magnitude of ejecta-powered counterparts, abundance of heavy elements produced through r-processes, and the range of initial neutron star masses that can lead to sufficiently massive disks to power an sGRB. The larger rotational energy also implies longer lifetimes for HMNS remnants. As mentioned above, close encounters prior to merger could induce sufficient strain in each NS to shatter its crust, leading to precursor electromagnetic emission (225) . Furthermore, f-modes will be excited in each star. This changes the energetics of the orbit and indirectly affect the subsequent gravitational wave emission. The f-modes will also emit gravitational waves directly, though because of their relatively low amplitudes and high frequencies (around 1.5 kHz) they will not be observable with adLIGO-era detectors. Regarding the dominant emission from the orbital motion, as with eccentric binary black hole mergers, the challenge for detection (issues of rates aside) is to construct waveform models accurate enough to use in template-based searches, or devise alternative strategies. Also, even though the integrated energy released is order-of-magnitude comparable to a quasi-circular inspiral, more of it is radiated at higher frequencies in close periapse, high-eccentricity mergers. For a binary NS this occurs outside adLIGO's most sensitive range, making such a system unlikely to be detected beyond ≈ 50 Mpc even with matched filtering (68).
• Alternative gravity theories. Binary neutron stars are also good candidates to test alternative theories of gravity, in particular those that predict deviations depending upon the coupling of matter to geometry. Scalar-tensor theories posit the existence of a scalar field, that together with geometry, mediates gravitational phenomena. A sub-class of these theories allow a phenomena known as scalarization, whereby a sufficiently compact star spontaneously develops a scalar charge that modifies its gravitational interaction with other stars, and allows for dipole radiation from the system (57). Though observations of binary pulsar systems tightly constrain these theories (12), recent numerical work has shown that within the allowable region of parameter space strong departures from general relativity can occur late in the inspiral (19) . These differences are triggered close to the merger epoch (yet while the gravitational wave frequencies are still well within the reach of near-future detectors), and significantly modify the dynamics, causing an earlier onset of the plunge (19, 174, 214).
Black hole-neutron star mergers
The remaining binary that is a target for earth-based gravitational wave detectors is composed of a black hole and a neutron star. Here again, the regime in which the objects are widely separated is well described by a PN approximation, and the binary's dynamics proceeds as with the other cases discussed above. However, depending on the relation between two key radii-the tidal radius (R T ) and the radius of the ISCO (R ISCO )-markedly different behavior is expected near merger. These radii, to leading order, depend on the black hole mass and spin (for R ISCO ), and the binary mass ratio, the star's mass and EOS (for R T ). Back of the envelope, the tidal radius R T ∝ R N S (3M BH /M N S ) 1/3 ; R ISCO is 6M BH for a non-spinning black hole, decreasing (increasing) to M BH (9M BH ) for a prograde (retrograde) orbit about a maximally spinning Kerr black hole. The importance of these two radii stems from the intuition that a plunge precedes tidal disruption if R ISCO > R T , and the opposite otherwise. This distinction is crucial, as in the former case there would be little difference in the gravitational wave signal compared with a binary black hole merger having the same masses (82) . By contrast, if disruption occurs, at its onset gravitational wave emission is sharply suppressed, not only allowing differentiation from the binary black hole case, but also presenting clues about the star's EOS as this influences the frequency at which the disruption takes place (for a given neutron star mass). It is easy to convince oneself that the disruption possibility favors high spins/comparable masses, while the plunging behavior favors low spins/high mass ratios. Note also that there are fewer channels for electromagnetic emission if disruption does not occur; in particular sGRBs and kilonova require it.
These observations about the nature of black hole/neutron star mergers are clearly born out in simulations. Early studies began with polytropic equations of state and non-spinning black holes, and have since steadily progressed to incorporated more realistic equations of state, now covering a fair range of mass ratios and black hole spins (81, 130, 131) . New physics is also being modeled, as we discussed above with binary neutron stars (because, of course, the same code infrastructure can be used for both). Nevertheless, the same caveats concerning neutron star-neutron star binaries apply to black hole-neutron star systems, in that simulations have not yet covered the full range of possible parameters, nor are sufficient computational resources available at present to adequately model all the relevant scales and microphysics.
Regarding the systems in which R ISCO < R T and disruption occurs, for quasicircular mergers numerical simulations have found as much as 0.3M ⊙ of material outside the ISCO following merger (with the largest amounts coming from the low mass ratio/high prograde spin cases). These results have informed fitting formula predicting the amount of diskmass (81) , which in turn can be used to estimate the spin of the final black hole (181) . Usually a larger fraction of stripped material is bound and subsequently accretes onto the black hole, though as much as ≈ 0.05M ⊙ can be ejected from the system, moving with speeds ≈ 0.2c. Typical maximum temperatures following disruption reach ≃ 80Mev. The tail regions are substantially cooler ≃ 10 − 100Kev, though shocks can re-heat this material to ≃ 1 − 3Mev. Interestingly, if the black hole spin and orbital angular momentum direction are misaligned, strong differences arise. For inclinations 30 o a very low-mass disk seems capable of forming, with most of the material outside R ISCO and following highly eccentric trajectories having large semi-major axes (81, 130, 131) . Based on these trajectories it is estimated this material will return to the black hole to accrete at a rate governed by the familiar lawṀ ∝ t −5/3 (53, 61, 135) . Interestingly, the behavior of this material has characteristics consistent with kilonova models. However, the ejecta distribution is mainly around the orbital plane as opposed to the rather spheroidal one arising in binary neutron star mergers. In many cases, the amount of material capable of forming a disk is consistent with estimates for triggering short gamma-ray bursts.
At the other end of the spectrum with low spins and/or high mass ratios in which R T < R ISCO , the star plunges into the black hole with little or no material left behind. For low-spin black holes this outcome happens for m BH /m N S 6; higher spins (or eccentricity, discussed below) can push this to somewhat larger mass ratios. For instance, for m BH = 10M ⊙ , m N S = 1.4M ⊙ , significant disruption only takes place for a BH /m BH 0.9 (83) . Without disruption electromagnetic and neutrino counterparts such as sGRBs and kilonova are not expected to occur, though as we discuss below there may still be electromagnetic emission if the neutron star has a strong enough magnetic field. 5.2.1 Further physics. Naturally, as in the binary neutron star case, a plethora of phenomena can be triggered by the system's dynamics, and diverse works are proceeding to examine these scenarios, several of which we describe here.
• Magnetized stars. A few studies have explored the behavior of the system when the neutron star is magnetized. Although electromagnetic effects are too subleading to alter the orbit and gravitational wave emission, the binary's dynamics can affect properties of the electromagnetic field after merger. In particular, the resulting field topology in the newly formed accretion disk is relevant to assessing whether a jet can be launched from the system. Notice that in the absence of spin-orbit-induced precession near the onset of disruption, the initial poloidal field gets twisted to a mainly toroidal configuration, implying further processes, such as a dynamo/MRI (17) , would need to take over to reinstate a poloidal configuration for an efficient jet mechanism to operate (156) . The orbit will precess if the black hole is spinning and the spin axis is misaligned with the orbital angular momentum; then the resulting magnetic field topology after disruption has both poloidal and toroidal components. This might aid in giving rise to favorable configurations for jet launching (see the discussion by (81)).
Full simulations accurately resolving all of these effects for both precessing and non-precessing configurations have yet to be performed, owing to their heavy computational requirements.
• Magnetosphere interactions. As mentioned when discussing black holes interacting with a magnetosphere, the latter is able to tap kinetic energy -rotational or translational-from the black hole if there is a relative motion between them. Such a scenario naturally arises during the inspiral of a magnetized neutron star with a black hole (the binary will not be tidally locked, and so there will be relative motion of the black hole through the magnetic field lines sourced by the neutron star). Basic estimates using a simple "unipolar induction model" indicate the possibility of a strong Poynting luminosity produced by the system (102, 157) . First simulations in this direction have recently been completed, obtaining consistent values with L ≃ 10 41 B 2 12 (182) . Though lacking a detailed account of how this Poynting flux could be converted to observable photons, this offers the possibility of an electromagnetic counterpart preceding the merger.
• Neutrino emissions. As in the case of binary neutron stars, simulations are just beginning to incorporate neutrino effects, again using the leakage scheme. Figure 7 shows an example of the neutrino luminosity from one such ongoing investigation, a follow-up study to (61) . In this follow-up study they found that the merger of a 1.4M ⊙ star with a black hole having mass 7M ⊙ and spin parameter a/M ≡ J/M 2 = 0.9 (so significant disrup-tion takes place) yields a peak neutrino luminosity on the order of ≃ 10 54 erg/s shortly after disruption, decreasing by an order of magnitude after 50ms.
• Eccentric binaries. In eccentric black hole-neutron star encounters, similar quantitative and qualitative differences arise compared with quasi-circular inspiral as discussed above for the other systems (possibility of zoom-whirl orbital dynamics, neutron star crust cracking and/or excitation of f-modes during close encounters, typically larger amounts of ejecta and accretion disk mass, etc.). In addition, because the effective ISCO for eccentric orbits of particles orbiting a non-extremal black hole is closer to the event horizon (e.g. for a Schwarzschild black hole the geodesic ISCO moves in from r = 6M to r = 4M going from e = 0 to 1), the limit for the onset of observable tidal disruption moves to slightly higher mass ratios 14 . Furthermore, in systems where tidal disruption begins outside the ISCO there is the possibility of multiple partial disruptions and accretion episodes prior to the final disruption/merger (71, 217).
Gravitational Collapse to a Neutron Star or Black Hole
Considerable efforts have been undertaken to study gravitational collapse to a neutron star or a black hole, in particular within the context of core-collapse supernovae. Here, stars with masses in the range 10M ⊙ M 100M ⊙ at zero-age main sequence form cores that can exceed the Chandrasekhar mass and become gravitationally unstable. This leads to collapse that compresses the inner core to nuclear densities, at which point the full consequences of general relativity must be accounted for. Depending upon the mass of the core, it can "bounce" or collapse to a black hole. Figure 8 displays representative snapshots of the behavior of a collapsing 75M ⊙ star at different times. The collapse forms a proto-neutron star that later collapses to a black hole. In the case of a bounce, an outward propagating shock wave is launched that collides with still infalling material and stalls. Observations of core-collapse supernovae imply some mechanism is capable of reviving the shock, which is then able to plow through the stellar envelope and blow up the star. This process is extremely energetic, releasing energies on the order of 10 53 erg, the majority of which is emitted in neutrinos (for a recent review see (171)). For several decades now, the primary motivation driving theoretical and numerical studies has been to understand what process (or combination of processes) mediates such revival, and how. Several suspects have been identified: heating by neutrinos, (multidimensional) hydrodynamical instabilities, magnetic fields and nuclear burning (see e.g. (49, 115) ). With the very disparate time-and space-scales involved, a multitude of physically relevant 14 Note by "observable" tidal disruption we mean disruption that can influence the gravitational waveform and the matter ejected or left to accrete. In theory the location of the event horizon sets the ultimate location for this, though for black hole/neutron star interactions the effective ISCO appears to be a better proxy. The reason is that once a matter parcel crosses the ISCO, barring the rise of strong non-gravitational forces, it will reach the event horizon in of order the light-crossing time of the black hole. Though to date simulations have not included all the relevant matter microphysics, it is unlikely that effects triggered by tidal disruption, e.g. shock heating, shearing of magnetic fields, etc., could grow large enough on such a short time-scale to prevent immediate accretion of the matter. effects to consider, and the intrinsic cost to accurately model them (e.g. radiation transport is a seven-dimensional problem) progress has been slow. Moreover, electromagnetic observations do not provide much guidance to constrain possible mechanisms as they can not peer deep into the central engine. By contrast, observations of gravitational waves and neutrinos have the potential to do so, provided the exploding star is sufficiently nearby. Thus, in addition to exploring mechanisms capable of reviving the stalled shock, simulations have also concentrated on predicting specific gravitational wave and neutrino signatures. Modeling gravity using full general relativity has only been undertaken recently (173) , though prior to this some of the more relevant relativistic affects were incorporated (e.g. (63, 162, 168, 234) ). Although the full resolution of the problem is still likely years ahead, interesting insights into fundamental questions and observational prospects have been garnered. For example, simulations have shown that in rotating core-collapse scenarios, gravitational waves can be produced and their characteristics are strongly dependent on properties of the collapse : the precollapse central angular velocity, the development of non-axisymmetric rotational instabilities, postbounce convective overturn, the standing accretion shock instability, protoneutron star pulsations, etc. If a black hole forms, gravitational wave emission is mainly determined by the quasi-normal modes of the newly formed black hole. The typical frequencies of gravitational radiation can lie in the range ≃ 100 − 1500Hz, and so are potential sources for advanced Earth-based gravitational wave detectors (though the amplitudes are sufficiently small that it would need to be a Galactic event). As mentioned, the characteristics of these waveforms depend on the details of the collapse, and, hence, could allow us to distinguish the mechanism inducing the explosion. Neutrino signals have also been calculated, revealing possible correlations between oscillations of gravitational waves and variations in neutrino luminosities. However, current estimates suggest neutrino detections would be difficult for events taking place at kpc distances (173).
Further Frontiers
Beyond comparable mass-ratio and comparable radii binaries, NR simulations are starting to explore binaries involving higher mass-ratios or less dense stars: black hole-white dwarf, neutron star-white dwarf, intermediate-mass black holes and main sequence stars, black hole binaries involving intermediate and stellar masses (100), etc. Here, more rapid progress is hampered by the computational cost, as it is considerably higher to simulate the larger range of spatial and temporal scales over which the interesting dynamics takes place. Several approaches have been suggested to address, at least in part, this difficulty. These include the use of implicit-explicit methods to tackle large-mass-ratio binary black holes (134) , a suitable re-scaling of physical parameters to model neutron star-white dwarf binaries (183), a "background subtraction" technique to study extreme-mass-ratio systems in which the solution of the dominant gravitational body is known (70) , and a reformulation of the problem in terms of a PostNewtonian approximation incorporating both black hole and matter effects to allow straight-forward modification of existing "Newtonian-based" astrophysical codes (20) . These are illustrative examples indicating how the field is progressing beyond traditional boundaries. To date, however, as far as astrophysical applications are concerned, the predominant focus of NR has been the compact binary problem (and more recently including the study of core-collapse supernovae (173)). Complementary efforts have been directed towards understanding fundamental questions about strongly gravitating settings, some of which have clear astrophysical implications. One example is the question of whether gravitational collapse always leads to a black hole which is described by the Kerr solution, or to a naked singularity. Although most of the cases studied so far have indeed shown the black hole result to be the case, especially in astrophysically relevant contexts, counter examples have been constructed. In d = 4 spacetime dimensions these include collapsing matter configurations finely tuned to the threshold of black hole formation (in so-called Type II critical collapse (54) , see e.g. (97) for a review and (117) for spherical collapse of ideal fluids.). Due to the fine-tuning required to reach Planck-scale curvatures visible outside an event horizon, it is unlikely critical collapse occurs naturally in the Universe (though see (165) for arguments suggesting it would be relevant if certain primordial black hole formation scenarios occurred). By contrast, this is not the case in higher dimensions in which simulations of a class of black holes (black strings) have shown violations of cosmic censorship can arise generically (140) . This not only highlights that Einstein gravity still holds secrets that could be revealed by theoretical studies, but also that surprises of astrophysical significance might be in store if our Universe were in fact higher dimensional.
Final Comments
In this review we have described the status of numerical relativity applied in astrophysical contexts. We have focused our presentation on events in which strong gravitational interactions require the full Einstein field equations to unravel all details of the phenomena. Due to page limitations, we have had to choose a representative subset of all relevant activities; nevertheless we hope it is clear that the field has "come of age." Yet there is still much to learn, and continued efforts will refine numerical relativity's predictions and application in astrophysics.
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